We shall develop a general method of constructing branched covering spaces of spheres and other manifolds. In the case of the sphere, this method gives rise via transversality to an equivalence between certain cobordism classes of branched covering spaces and the homotopy groups of certain topological spaces. We will interpret the cobordism equivalence and compute the homotopy groups in one case. Let (X n , B n~2 ) be a pair of finite CW complexes such that X n is a PL ^-manifold in a neighborhood of B n~2 and B n~2 is embedded as a locally flat submanifold. , branched over the codimension two submanif old f~x{B n~2 ) (see [5] , n}. Let G(n) be the pullback of Σ(ri) and Z over ZJ2Z. That is G(n) = {{g u g 2 ) e Σ(n) φ Z\ a{g x ) = β{g 2 )} where a: Σ(n) -^ Z/2Z and β:Z-> Z/2Z are the natural maps.
The group G(n) has the universal property that the homomorphism indicated by the dotted line exists provided all the solid line homomorphisms exist in the commutative diagram below where a, β, 7, and d are all natural maps.
π -

G{n) -+ZJ2Z
LEMMA 1. Given any n and k, there is a connected PL manifold X(n) with the following properties:
Proof. Pick q > & + 2 and let i?(%) be the %-fold cartesian product of E q with the big diagonal deleted (i.e., those elements with at least one pair of identical coordinates). We can prove inductively that E(n) is k connected by studying the fibration, E q -(n -1 points) -> E(n) -• E(n -1), obtained by projecting on the first n -1 coordinates.
We have natural actions of A(n) and Σ(n) on E{n) by permuting coordinates. Let K(n) and L{n) be the respective quotient spaces and let τ: JSL(W) -> iT(w) be the covering transformation map of the double covering 
Now fix a base point ((x 2 , , x n ), 0) in E{n) x ϋί 1 and let x 0 be the image of that base point under the covering space map E{n) 
The manifold X{ri), depends on k, but we will suppress this dependence and just choose k large enough to suit our purposes.
In the remainder of the paper, when we identify π^Xin)) with G(n) we shall use the base point x 0 and isomorphism (θ, ψ). Now let X(n) be defined as follows. Let S 1 be a locally flat circle in X(n) representing the element ((1, 2) 
Proof. By Van Kampens Theorem ^(X(n)) = G(w)/<((1, 2), 1)> where <((1, 2), 1)> is the normal subgroup generated by ((1, 2), 1). It can be seen that this group is G{n) using the fact that any two transpositions are conjugate.
The second statement follows from a Mayer-Vietoris argument using the fact that H^S 1 ) -• H^Xin)) is an isomorphism because A{n) is the commutator subgroup of Σ(w).
We shall adopt the following orientation convention. If J? is a codimension two oriented submanifold of the oriented manifold A with normal disc bundle, and D 2 is a disc fiber of this normal disc bundle, then an orientation of D 2 is called positive if the orientation of B followed by the orientation of D 2 gives the orientation of A. An orientation of 3D 2 is called positive if this orientation followed by the outward normal gives the positive orientation of D 2 .
3* Some technical lemmas and some computations* In this entire section we shall assume that M k~2 is a propertly embedded, locally flat not necessarily connected, oriented PL submanifold of the oriented PL manifold W\ and that
There is a regular neighborhood U k of M k~2 that is the total space of a linear 2-disc bundle over M k~2 .
Proof. By [10] , there is a block bundle neighborhood of M k~2 and there is no obstruction to putting a D 2 bundle structure on it. The projection map p:
; Z) is free abelian and generated by the meridians of M k~2 , one generator for each component of M k~~2 . The regular neighborhood U k is the total space of a trivial bundle over M k~2 .
Proof. Using the exact homology sequence, excision, and a homotopy, we have = M k~2 . The outward normal gives a cross-section of the associated
representation in which meridians are mapped to transpositions. There is a unique representation (up to an inner automorphism of G(n)) σiπ^W
16 -M k~2 ) -> G(n) such that yσ -p and positive meridians are mapped into +1 by βσ.
Proof. This follows immediately from Lemma 4 and the properties of G(n) as pullback of Σ(n) and Z over Z/2Z.
At this point, to obtain further results we must specialize to the case n = 3. PROPOSITION There is a map f: W k -> X(3), in general position with respect to the point 0, with the following properties: (3) is equivalent to <7. This is done by defining f on the 1-skeleton by using the definition of σ on the generators, extending to the 2-skeleton using the fact that σ is a homomorphism, and extending to the rest of 
Recall that X(Z) = X(3) U fD\
The first homology of 1 (3) . We are done with parts α, 6, c.
If g is another map satisfying α, b, and c, then we can homotope g so that g and / are both fiber maps to the trivial bundle neighborhood of 0. Restricting / and g to E k~\ we see by b and c that they induce the same homomorphism and F^π^Et 1 ) θ {0}) is infinice cyclic generated by ((α, 6) , 1), the same commutativity argument we gave before shows F^π^Et' 1 x S 1 )) is infinite cyclic generated by ((α, 6), 1). As before an investigation of [E^1 x S 1 ; X(3) -0] shows we can homotope the homotopy so that f^E^" 1 ) takes values in S 1 . Thus we can extend the homotopy to a homotopy from f to g and we are done. 4* Computation of homotopy groups* The purpose of this section is to compute the first two nontrivial homotopy groups of -3L(3). We begin with a lemma in which the integral homology and cohomology groups of X(3) are computed. Note that since X(S) is simply connected (Lemma 2), we have ίP(X(3); Z) = 0 and so i = 1 is an exceptional value which must be excluded from the table of values for jff*(X(3); Z). LEMMA 
7.
For i > 0, we have:
WWTW 3 , % = 0, 1 (mod 4) . Proof. It is clear from Lemma 2 and the universal coefficient theorem that it is sufficient to prove the above assertions for the homology groups of X(3). In Lemma 1, we saw that we have a fibration K{2>) -> X(3) -+ S\ where K (2>) is a K(Z S , 1) , since it is the orbit space of a free action of Z z . The Serre homology spectral sequence of this fibration converges to H*(X(Z); Z) with i? 2 -term given by JS£ ff = H^S 1 ; H q (Z s , 1; Z)). Here we mean cohomology with local coefficients in the local system of groups, H*(Z S , 1; Z), given by the action of π^S 1 ). The group π^S 1 ) acts nontrivially on H λ (Z z , 1; Z), for otherwise the short exact sequence of fundamental groups given by the fibration would split. It follows from the universal coefficient theorem that π^S 1 ) acts nontrivially on H\Z Z , 1; Z). Since H*(Z S , 1; Z) is a polynomial algebra on a generator of degree 2, it follows that the action of π^S 1 ) is nontrivial in dimensions congruent to 2 mod 4 and trivial in dimensions congruent to 0 mod 4. Using the universal coefficient theorem again, we can infer that the action of π^S 1 ) on H*(Z 3 , 1; Z) is nontrivial in dimensions congruent to 1 mod 4 and trivial in dimensions congruent to 3 mod 4. With this information it is easy to compute the boundary operator for the singular chains of S 1 with coefficients in the local system H*(Z Z , 1; Z) and conclude that: El, q = Z Zy p = 0 or 1, q == 3(mod 4), and ££ g = 0 otherwise. It follows that the homology groups of X(3) are exactly as stated in the lemma. PROPOSITION 
The space X(Z) is 2-connected and:
Proof. The facts that X(3) is 2-connected and that 7Γ 3 (X(3)) = Z s follow immediately from Lemmas 2 and 7 together with the Hurewicz theorem. To prove the second two statements of the theorem, observe that by Lemma 7 and the universal coefficient theorem, there exists a map /: X(3) -> K(Z Sf 3) x K(Z B , 4) which induces integral homology isomorphisms in dimensions less than or equal to 4. But the known computations of the homology of Eilenberg-MacLane spaces in [4] and [3] , together with the Kiinneth formula show that the integral homology of K (Z 3 , 3) x K(Z 3 , 4) is zero in dimensions 5 and 6. Therefore, by Lemma 7 and the Whitehead theorem, / induces an isomorphism of homotopy groups in dimensions less than or equal to 5 and the proof of the proposition is complete.
The authors would like to thank the referee for suggesting the above proof of Proposition 8. It is shorter and simpler that the author's original argument. and M, n = q~\S* X {0}), M? = q~\S* x {!}), and q\MΓ -p, and q\M? -p 2 .
Next, we orient the disc D 2 in X(k) so that 3D 2 -^ + l under the map H x {X{k) -0) -> Z.
For each n and k there is a map θ(n, k) from π n (X(k)) to cobordism classes of triples defined as follows: Orient S n and consider /: S n -~> X(k). Throw / in general position with respect to 0 and let βn-2 " f~XO). 
). It is easy to see that θ(n, k) is well defined by throwing any homotopy in general position with respect to 0. At this point we specialize to k = 3.
It follows immediately from Proposition 6, (and the 1 -1 correspondence between simple branched coverings of S n branched over B n~2 and equivalence classes of representations π 1 (S n -B n~2 ) -» Σ(k) in which meridians are sent to transpositions) that θ(n, 3) is onto for n ^ 3.
It also follows from part d, of Proposition 6 that θ(n, 3) is 1-1. We summarize this in a theorem that concludes the paper. (M 3 ; Z) is a generator. This is so because p*: H Z (M 3 
